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\begin{abstract} In this paper, we consider a modified version of the Liouville
$\gls--function, $\gl p(n)$, together with its summatory function, $L p(n)$.
Within this analysis, we provide a connection between $\gl p(n)$ and the
Legendre symbol. This relationship is exploited to give both an explicit formula
to calculate SL_p(n)$ as well as an asymptotic bound.

\end{abstract}

\maketitle

Let §\Omega(n)$ be the number of distinct prime factors in $n$ (with multiple
factors counted multiply). The Liouville $\gls--function is defined by

$\lambda(n) :=(-1)"{\Cmega(n)}.
So Shlambda(l)=\lambda(4)=\lambda(6) = \lambda{9) =\lambda(10) =15 and

(2) = \lambda(5)=\lambda(7) =\lambda(8) = -1.§ In particular, $\lambda (p)=-1%
for any prime $p$. It is well-known (e.g. See \S 22.10 of \cite{mw}) that $
\omega$ is completely additive, i.e, $\Omega (ma)=\Gmega (m)+\Omega (n)$ for any
$m$ and $n§ and hence $\lambda$ is completely multiplicative, i.e., $\lambda
(ma)=\lambda (m)\lambda (n)$ for all $m,n\in\B{N}$. It is interesting to note
that on the set of square-free positive integers $\gl(n)=\mu(n)$, where S\mu§ is
the ¥\"cbius function. In this respect, the Liouville $\gl§--function can be
thought of as an extension of the M\"obius function.

similar to the ¥\"obius function, many investigations surrounding the $\glS--
function concern the sum of the first $n$ values of $\, that is, the sum

\sum_{n\leg x} \gl(n).$$

This function has been studied by many mathematicians, including Licuville,
P\'olya, and Tur\'an. Indeed, one of the most important guestions is
the asymptotic order of $L(x)$; more formally, the guestion is to
determine the smallest value of $\ggs for which $S\Lim_{x\to\infty}\frac{L(x)}
{x~{\gg}}=0.5§ It is known that the value of $\gg=0$ is equivalent to the prime
number theorem and that $\gg=\frac{1}{2}+\eps$ for any arbitrarily small
positive constant $\eps$ is equivalent to the Riemann hypothesis (The value of §
\frac{1}{2}+\eps$ is best possible, as $\limsup {x\to\infty}L(x)/\sqr
0618675, see Sorwein, Ferguson, and Mossinghoff \cite{srml}). Indeed,
asserting a fixed §\gg\in \left(\frac{1}{2},1\right)$ would give an expansion of
the zero-free region of the Riemann zeta function, §\gz(s)$, to §$\Re (s)\geg \gg
unfortunately, for a given $x§ there is no closed form equation for determining
SL(x)$. This brings us to the motivating question behind this investigation:
{\en is there a way in which we can change the definition of $\gl$, so that the
corresponding sum of the first $nj values yields a closed form?}

The remainder of this paper gives such an example.
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